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Abstract

This work presents a controller for a non-linear
four-tank process as a solution of the CIC 2014
contest organized by the Comité Español de Au-
tomática. Along the paper we derive a Model
Predictive control law that integrates Economic
Model Predictive Control strategy with the stan-
dard quadratic Model Predictive Control approach.
The resulting controller avoids convergence prob-
lems and demonstrates to be an easily computable
solution that achieves the contest requirements.

Keywords: Non-linear Control, Model Predic-
tive Control.

1 Introduction

Model predictive control (MPC) has become a
standard control method when dealing with the
regulation or reference tracking of large-scale mul-
tivariable plants under performance specifications
[9]. When applied to linear unconstrained sys-
tems, MPC reduces to the linear quadratic control
(LQR) [4]. On the other hand, MPC has evolved
to consider more complex systems as multivari-
able non-linear constrained plants [5]. In spite of
its applicability to such complex plants, the re-
search is not completely closed, and several efforts
have been made to ensure the convergence of the
methods. In [8], a complete survey of the subject
is provided where several conditions for an MPC
algorithm to be closed-loop stable are presented.

In recent years, a new paradigm has appeared in
the MPC field that considers an economic optimal
control problem [10]. Economic model predictive
control (EMPC) can be seen as a generalization of
the standard MPC. Recently, it has been proved
mathematically that the average performance of
EMPC is never worse than the optimal steady
state system operation [1].

In the EMPC, the optimal path for the variables of
the system is not known and as a consequence, the
tracking formulation cannot be directly applied.
The economic problem is related to the time evolu-
tion of a set of exogenous parameters that appears

explicitly in the cost function to be optimized,
and these parameters are strictly related with eco-
nomic or energetic issues. In the general case, the
cost function is not convex and to guarantee the
convergence of the system to the optimal point of
operation, that minimizes the cost function, is not
trivial because this point is not known a priori and
may be non-stationary. Recently, stability results
using Lyapunov functions for the economic MPC
have been demonstrated under the addition of ter-
minal constraints [2]. These ideas have been used
and extended to deal with changes of the economic
parameters [3] and have been generalised in [1].

Recent works dealing with EMPC stablish the im-
portance of the dissipativity property in the con-
vergence proof. Dissipativity has been stated in
[1] as a sufficient condition to conclude optimal-
ity of the steady state operation. This fact moti-
vates further research about this topic. In [6], it
is demonstrated that a system that presents turn-
pike and some soft controllability properties under
an MPC law without extra terminal conditions is
closed-loop stable and converges near to the op-
timal point. Some works stated the relation be-
tween dissipativity and turnpike1.

The CIC 2014 consists in designing a discrete-
time controller for a non-linear and non-minimum
phase quadruple tank system described as bench-
mark in [7], that minimizes a meaningful economic
non-linear cost function, under constraints in the
states and the inputs. With this purpose, the au-
thors present in this paper a low computational
cost model predictive controller that uses a modi-
fied cost function that ensures convergence of the
system to the optimal path. This is achieved
by adding to the proposed economic cost func-
tion a new control objective based on a standard
quadratic tracking cost and a smooth switching
mechanism. In this way, the continuity of the gra-
dient is preserved and the convergence to the op-
timal steady state achieved without the necessity
of using large prediction horizons.

This article is structured as follows. In Section 2,

1http://num.math.uni-bayreuth.
de/en/publications/2014/
gruene_stieler_Lyapunov_EMPC_2014/index.html

http://num.math.uni-bayreuth.de/en/publications/2014/gruene_stieler_Lyapunov_EMPC_2014/index.html
http://num.math.uni-bayreuth.de/en/publications/2014/gruene_stieler_Lyapunov_EMPC_2014/index.html
http://num.math.uni-bayreuth.de/en/publications/2014/gruene_stieler_Lyapunov_EMPC_2014/index.html


Actas de las XXXV Jornadas de Automática, 3-5 de septiembre de 2014, Valencia
ISBN-13: 978-84-697-0589-6 © 2014 Comité Español de Automática de la IFAC (CEA-IFAC)

a description of the contest is presented, and the
quadruple tank model as well as the control goal
are introduced. Section 3 defines the controller de-
sign solution and its properties. Section 4 presents
the tuning parameters. In Section 5, the results
are presented and discussed. Finally, Section 6
draws the conclusions.

2 Contest Description

The CIC contest is organized annually by the
Comité Español de Automática since 2007. This
year, the benchmark is the optimal operation of a
quadruple tank system with two inputs and cross
couplings, that represents a real implementation
of the process first presented in [7].

The contest is divided in two phases

Phase 1: The controller has to demonstrate per-
formance in simulation. The organization de-
livered a simulator in Matlab/Simulink for
the four tank process, in which the partici-
pants should add a control block to operate
the plant.

Phase 2: The controllers that passed the first
phase are evaluated with a real plant.

The goal of this paper is to report the work done
by the authors corresponding to the first phase of
the contest.

2.1 Model Description

The dynamics of the system are well derived from
basic principles leading to the following equations

A1

dh1

dt
= −a1

√

2gh1 + a3

√

2gh3 + γa
qa

3600

A2

dh2

dt
= −a2
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2gh2 + a4

√

2gh4 + γb
qb

3600

A3

dh3

dt
= −a3
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2gh3 + (1− γb)
qb

3600

A4

dh4

dt
= −a4

√

2gh4 + (1− γa)
qa

3600
,

(1)

where hi, Ai and ai are respectively the water
level, the cross sectional area and the cross sec-
tional equivalent outlet hole of the i-th tank. γa,b
are the deviation ratios for the water flow and qa,b
are the flow inputs.

A representation of the plant is given in Fig. 1.

2.1.1 Model parameters and restrictions

The presented model is particularized for the pa-
rameters values in Table 1 and considering Ai =
0.03m2 ∀ i = 1, ..., 4.

Figure 1: Quadruple tank process scheme.

Par. Value Par. Value

a1 1.3104 10−4m2 a2 1.5074 10−4m2

a3 9.2673 10−5m2 a4 8.8164 10−5m2

γa 0.3 γb 0.4

Table 1: Model parameter values

In addition, operational constraints related to the
states and the inputs exist

0.2m ≤ hi ≤ 1.2m i = 1, 2, 3, 4

0m3/h ≤ qz ≤ 2.5m3/h z = a, b.
(2)

Since the model is representing a real process con-
trolled by a computer, the control actions and sen-
sor signals will be constant between sampling time
instants. The minimum sampling time in which
inputs and outputs may change is

Ts = 5 s.

2.2 Control goal and performance

evaluation

The aim of the controller is to lead the plant to
the optimal operation regime with respect to an
economic criterion. The optimal operation is de-
scribed as maximizing the water volume in the
lower tanks while, at the same time, minimizing
the energetic cost. It is expressed in form of the
stage cost function

JE = q2a + cq2b +
pVmin

A (h1 + h2)
, (3)

being c and p external cost parameters that will
fluctuate in time and Vmin the minimum water
volume for the lower tanks

Vmin = 2Ahmin = 0.012m3.

The performance of the controlled system will be
evaluated in function of a performance index (ID)
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that accounts for the economic performance and
penalizes the control when overpassing the level
constraints

ID =

∫ t

0

[JE (h(τ), q(τ), c(τ), p(τ))

−J∗ (c(τ), p(τ)) + Jr(h(τ))] dτ,

(4)
where JE is the stage cost in (3), J∗ is the mini-
mum of JE in steady state and

Jr =

4
∑

i=1

σ(hi), (5)

being

σ(x) =











1 · 103 |0.2− x| if x < 0.2

0 if 0.2 ≤ x ≤ 1.2

1 · 103 |x− 1.2| otherwise

.

3 Control

Due to the optimal and discrete nature of the
stated problem, the EMPC technique emerges as
an appropriate control strategy. This control tech-
nique solves an optimization problem in which a
cost function is minimized over a prediction time
horizon. The output of the optimization pro-
cess includes a sequence of optimal control actions
that, in absence of noise, applied over the input
of the model used in prediction, would drive the
outputs towards an optimal trajectory. In order
to correct the possible drift between the model
used in prediction and the real plant, and to re-
duce the effects of noise, the optimization process
is repeated iteratively and only the first control ac-
tion of the sequence is applied (receding horizon
philosophy).

3.1 Problem formulation

In this paper, a dynamic system represented by
the discrete-time model

x(k + 1) = f (x(k), u(k)) , (6)

is considered, with state x ∈ R
nx , control input

u ∈ R
nu , and f : R

nx × R
nu → R

nx . For a
given control sequence u = {u(0), u(1), ...u(L)} ∈
R

L×nu , the solution of (6) with initial value x(0) ∈
R

nx will be denoted as xu(k, x) ∈ R
L×nx . We de-

note as admissible inputs u ∈ U ⊆ R
nu those such

that xu(k, x) stays in the admissible set x ∈ X ⊆
R

nx .

The optimization problem PN , with finite predic-

tion horizon N , can be formulated as

PN :

min
u∈U,x∈X

N−1
∑

j=0

JE(x(j), u(j), c, p) (7a)

subject to

x(j + 1) = f (x(j), u(j)) (7b)

u(j) ∈ U ∀ j = 0, 1, .., N − 1 (7c)

x(j) ∈ X ∀ j = 0, 1, .., N − 1 (7d)

x(0) = x0. (7e)

The direct implementation of (7) does not ensure
convergence, since there exist no terminal con-
straints, and the optimal cost function is not nec-
essarily decreasing along the solution trajectory.
In addition, since the cost function is not convex
and the model is non-linear, the computational
cost of the solution is high and turns very expen-
sive for high N .

3.2 Problem modification

In order to solve the problem, we propose two
modifications of the optimization problem, such
that convergence with a minimum computational
cost is guaranteed, and the computation time is
kept below the sampling time prescribed for con-
trol.

3.2.1 Turnpike property and cost

function goal modification

A system that exhibits turnpike property (for
more details see [6]) will converge to steady state
in the neighbourhood of the optimal operating
point when an EMPC acts without any additional
constraint in the terminal state. The turnpike
property also implies that the optimal operating
point is a stationary point and, moreover, the con-
trolled system will converge to the optimal steady
state for N → ∞.

In this work, this property has not been proven
mathematically, but it has been observed in suc-
cessive simulations. Fig. 2 shows the water level
in tank 3 when solving (7) using, as model, an Eu-
ler discrete version of (6), cost function (3) with
c = 0.5 and p = 10, and a prediction horizon of
N = 70. Similar behaviour is presented for differ-
ent initial conditions, different values of c and p
and moderate prediction horizons.

Since there exists a maximum time to find an ap-
propriate solution at every iteration, N cannot be
arbitrarily large. The convergence to the exact
solution for a given prediction horizon is, there-
fore, not assured. Under the assumption that the
system under consideration exhibits the turnpike
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Figure 2: Turnpike behaviour for h3.

property, it is expected to reach a steady state
ũs, x̃s in the neighbourhood of the optimal steady
state us, xs.

With the idea to converge to the optimal point in
acceptable time, it is proposed to modify the cost
function by the addition of a quadratic term

JT (x, u, xS , uS) = ‖x− xS‖
2 + ‖u− uS‖

2, (8)

that accounts for the tracking performance and a
switching mechanism that enables continuous al-
ternation between economic and tracking objec-
tives. The modified cost function is described as

J̃1(x, u, c, p, xS , uS) =ρ(ϑ)JE(x, u, c, p)+

(1− ρ(ϑ))JT (x, u, xS , uS),

(9)

where JE(x, u, c, p) is the economic cost function
in (3) and ρ(ϑ) : [0,∞) → [0, 1) is a logistic func-
tion with continuous derivative obtained as a mo-
dification of the Richards′ curve and defined as

ρ(ϑ) =

1

(1+χe(−β[|ϑ|−ǫ]))
1
ν

− ρ∗

1− ρ∗
, (10)

being

ρ∗ =
1

(1 + χeβǫ)
1
ν

.

In order to take advantage of the optimality that
the EMPC brings in the transient response of the
system, the independent parameter ϑ has been se-
lected as an estimation of the slope of the cost
function

ϑ = JE(k − 1)− JE(k − 2). (11)

Under this choice, the switching mechanism es-
tablishes a trade-off between both cost functions,
giving preference to the economic objective when
high deviations from the optimal point occur. On
the other hand, the switching mechanism gives im-
portance to the tracking objective when the eco-
nomic solution is reaching the steady state.

The proposed modification of the cost function
leads to a suboptimal operation. However, the

weight of the tracking cost functional can be done
sufficiently small by changing the parameters of
the sigmoid function, allowing to

argmin
u∈U, x∈X

J̃1 ∼= argmin
u∈U, x∈X

JE(x, u, c, p),

in the transient (high values of ϑ). Moreover, since
once reached the optimal steady state (low values
of ϑ)

argmin
u∈U, x∈X

JE(x, u, c, p) ∼= argmin
u∈U, x∈X

JT (x, u, xS , uS),

the suboptimal operation will be mainly present
in the transition from ũs, x̃s to us, xs.

3.2.2 Constraint relaxation

Hard constraints to bound optimization variables
hinder the search of the optimal point increasing
the computational time.

In this work, the hard state constraints have been
replaced by soft constraints, i.e. additional penal-
ties in the cost function, by adding the same
penalty cost that was defined in (5),

J̃r(x) = Jr(x). (12)

In this way, it is possible to overpass the bounds
imposed in the states, and the controller may de-
cide to do it if it brings to an improvement in the
average cost of the predicted solution evaluated
in the prediction horizon. This modification has
no direct effect in the problem solution when the
state remains in X.

3.2.3 Relaxed Optimization problem

The modifications proposed in Section 3.2.1 and
Section 3.2.2, besides the implicit state depen-
dency elimination in the cost function by using
the model equation (1), allows to reformulate the
optimization problem as

P̃N :

min
u∈U

N−1
∑

j=0

J̃(u(j), c, p, xS , uS) (13a)

subject to

u(j) ∈ U ∀ j = 0, 1, .., N − 1 (13b)

x(0) = x0, (13c)

being

J̃(u, c, p, xS, uS) = J̃1(u, c, p, xS , uS) + J̃r(u),

where J̃1(u, c, p, xS , uS) and J̃r(u) represent re-
spectively the cost in (9) and (12), with the state
dependency removed.
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4 Tuning and Implementation

By using the control law proposed in Section 3, the
control problem has been reduced to the choice of
the prediction horizon, and the sigmoid function
parameters.

The selection for the sigmoid curve parameters
is shown in Table 2. The parameters have been
tuned to activate the standard MPC control when
the difference between the last two values of JE
are near to 0. The sigmoid function evaluated with
the given parameters is shown in Fig. 3.

Par. Value Par. Value

χ 0.5 ǫ 0.175

β 10 ν 0.5

Table 2: Control parameter values

The prediction horizon, N , has been fixed to 70
samples, as a trade-off between cost performance
and calculation time. The optimization process
has been implemented in MatLab/Simulink us-
ing a Level 2 S-function function that calls the
fmincon solver. The default parameters of the
solver have been maintained with the exception
of the tolerances TolX = 1 · 10−6, and TolFun =
1 · 10−8. At every iteration the initial condition
for the control sequence is constructed by a lin-
ear interpolation between the last applied control
action and the optimal value in steady state.

0 0.2 0.4 0.6 0.8
0

0.5

1

ϑ [um]

ρ
(ϑ
)[
-]

Figure 3: Sigmoid function, evaluated for the pa-
rameters in Table 2.

An observer has been implemented in simulator
mode by using the unperturbed certain system of
the four tanks in (1).

5 Performance analysis

All the results discussed from now on are related
to the scenario defined as case 2 in the description
of the first phase of the contest2.

Fig. 4 shows the control actions calculated in the
optimization process. As depicted in previous

2http://www.ceautomatica.es/sites/default/
files/upload/13/files/CIC2014%20-Descripcion.
pdf

sections, the controller is designed to operate in
a near-optimal way in transitions, i.e. when a
change in the economic parameters exist. Once
the system has reached the steady state, control
inputs are computed to maintain this steady state.
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Figure 4: Flows.

Fig. 5 shows the water tank levels. It can be seen
that the water levels never exceed the prescribed
bounds, so the hard constraints are never violated.
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Figure 5: Water levels.

Fig. 6 shows the cost function (3) evaluated in
the proposed scenario, the value of the ϑ param-
eter and the value for the sigmoidal function. It
can be observed that the EMPC takes special rel-
evance after a set-point change. The EMPC will

http://www.ceautomatica.es/sites/default/files/upload/13/files/CIC2014%20-Descripcion.pdf
http://www.ceautomatica.es/sites/default/files/upload/13/files/CIC2014%20-Descripcion.pdf
http://www.ceautomatica.es/sites/default/files/upload/13/files/CIC2014%20-Descripcion.pdf


Actas de las XXXV Jornadas de Automática, 3-5 de septiembre de 2014, Valencia
ISBN-13: 978-84-697-0589-6 © 2014 Comité Español de Automática de la IFAC (CEA-IFAC)

act trying to minimize the area under the cost
function JE subject to the model equations. In
the instants, in which the slope of JE becomes
sufficiently small (it implies ϑ small), the stan-
dard MPC starts acting to drive the system to
the steady state optimal operation point.
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Figure 6: Cost evaluations. mu stands for mone-
tary units.

The integration in time of the stage cost function
shown in Fig. 6 according to (4) leads to an ID
value of 424.7mu. Results obtained on the same
scenario by only using the standard MPC and the
EMPC, while maintaining the prediction horizon
and solver parameters, have lead to an ID values
of 449.9mu and 440.3mu respectively.

6 Conclusions

A control strategy based on a combination of stan-
dard MPC and EMPC has been proposed to solve
the control problem formulated in the context of
the CIC 2014 contest.

We have verified by simulation that the system
presents convergence to a steady state near the
optimal steady state solution when only economic
cost is considered.

To force the convergence, the cost function has
been augmented by a tracking penalty cost and a
smooth switching mechanism has been introduced
to alternate between both objectives.

The formulated control solution has demonstrated
the ability to converge to the optimal operation
point after performing a suboptimal transition.

It has been proven that the suboptimality of the
solution comes from time limitations that must be

taken in account to fulfil implementability.

Results of the proposed control technique over the
CIC 2014 contest scenario have been shown.
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